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found for the fit,

P = -1.63 + 1.85m + 3.50d - 1.
.99f2 (18)

Analysis of the contribution of the parameters t, d, m, and s
has disclosed an ordering in their contribution to P. The
ordering is shown in Table 9. The purpose of this mathe-
matical analysis was to discover the primary variables and
their relative importance in relating to PIO. On the basis of
the results, a complete simulation study is planned to gain

further insight into the relationship between PIO and the
characteristics of the step response.
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Several authors have mentioned that aerodynamic interference between horizontal tail
and wing could cause flutter. The unsteady aerodynamic forces pose the problem in analy-
sis and have become available only recently. Naturally, the importance of interaction be-
tween two lifting-surface increases when both spans are of comparable magnitude. Sev-
eral advanced aircraft feature this concept. A flutter analysis based on a variable-geometry
airplane at highly swept condition is performed. The unsteady loads resulting from aero-
dynamic interference are introduced. They were determined with a lifting-surf ace method
previously formulated by the coauthor. Destructive flutter was discovered resulting en-
tirely from interference not predictable by applying conventional three-dimensional coeffi-
cients for the separate surfaces only. This verified a flutter case of a preceding experiment.
The investigation is extended to include different vertical and aft positions of the horizontal
tail at several Mach numbers to obtain an understanding of dominating influences.

Introduction

TWO years ago, Topp et al.9 referred to an antisymmetric
flutter case as experienced in a wind-tunnel test of an air-

craft with variable wing geometry; see Fig. 1. This condi-
tion could not be determined theoretically by using con-
ventional flutter approaches. After careful consideration of
all prevailing influences, the instability was assumed to be
due to the aerodynamic interference of wing and tail. No
proof was given for this assumption, since at that time no
method for the calculation of unsteady interference air loads
was available, though H. Ashley had stimulated investiga-
tions in this field by a basic paper1 as early as 1964.

In the meantime, B. Laschka and H. Schmid6.10 investi-
gated the aerodynamic interaction between oscillating wings
and tails applying lifting-surface kernel function methods. It
has been shown there that interference can be of considerable
influence not only in the case of close proximity but also for
large distances between wing and tail. Another approach
by V. J. E. Stark2 is based on lifting line lattices. Applica-
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tion has been reported by H. Wittmeyer11 for the SAAB 37
Viggen flutter analysis. A similar procedure has also been
proposed by E. Albano and W. Rodden.3

The amplitudes of the wing oscillation are usually small
in the region near the body and high near the wing tip. Thus,
high induced-velocity components usually can be expected
downstream from the wing tip. Consequently, interference
in most cases will become important where the span of the
tail is not small relative to the wing span. Configurations
showing these features are found on many modern airplanes
especially on those with variable-geometry wings, or canard
types. Conventional flutter analysis took into account the
natural modes, generalized masses, and stiffnesses of the en-
tire aircraft and applied the nonsteady airloads to wing and
tail without interference effects. In the present paper, these
interference effects no longer are neglected.

Flutter behavior on the variable geometry (VG) airplane
configuration mentioned in Ref. 9 has been studied for the most
critical case where the wing had a leading edge (LE) sweep of
70°. Theoretical analysis indicates a destructive flutter case
resulting entirely from aerodynamic interaction that could
not be predicted by applying only conventional three-dimen-
sional aerodynamic coefficients to wing and horizontal tail
separately. The experimentally experienced flutter case9

thus could be verified. This result is of considerable interest,
since before this investigation the question was raised as to
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Wing-Ta i l Flutter
Caused by Aerodynam

Table 1 Calculated and measured frequencies and
generalized masses

25 35 45 55 60 65 70

Wing L e a d i n g Edge S w e e p A n g le^Degrees

Fig. 1 Flutter velocity VF/VR vs wing sweep as given in
Ref. 9 for a variable geometry aircraft (VR = nutter speed

for 70° sweep).

whether flutter was caused by the interference actually based
on potential flow or rather by the high energy leading edge
vortices that are connected with highly swept wings and that
cannot be predicted by linearized theory.

In addition, the influence of the vertical and stream wise
position of the tail was studied. The general opinion that
increased aft position of the horizontal stabilizer increases
flutter speed could not be substantiated. On the contrary,
the calculated results show a decrease in critical speed with
increasing aft position of the tail for the present configuration.
Finally, the calculated damping characteristics showed that
by including aerodynamic interference a moderate flutter
case was changed into an explosive one. This corresponds
to observations made during wind-tunnel tests.

Analysis

Flutter Equation

The analysis is based on the conventional flutter equation

[M - (1/co2 + A]q = 0 (1)
where M stands for the matrix of generalized masses, K is the
matrix of generalized stiffnesses. A is the matrix of general-
ized aerodynamic forces, q is a generalized coordinate, co is
the circular frequency, and i = ( —1)1 /2 the imaginary unit.
Air loads resulting from harmonic oscillations are introduced
as unsteady air load matrix A. The matrix igK/o}2 intro-
duced into the oscillating system representing the aircraft
has to be interpreted as the generalized damping force
necessary to maintain harmonic oscillation.

Vibration Analysis

The natural vibration modes, generalized stiffnesses, and
masses were determined by calculation and by means of a
ground vibration test. The model was constructed from
movable panels and beams carrying discretely attached addi-
tional masses; see Fig. 1. The vibration analysis therefore
could make use of the conventional beam theory.

Frequency, cps

No. Calculated Measured

Generalized mass

Calculated Measured

1
2
3
4
5
6
7
8
9

10

6.26
6.93
8.60
9.73

16.46
18.65
18.81
20.14
20.81
23.67

5.62
6.24
8.25
9.22

14.60

5.52
4.02
2.14
0.33
2.92
0.89
1.11
0.18
0.72
1.45

4.47
6.20
2.93
0.445
0.855

By using 27 individual degrees of freedom of the five com-
ponents, i.e., forward fuselage section, wing, horizontal tail,
and vertical tail, the first ten antisymmetrical vibration
modes were determined theoretically. Comparison with the
natural vibration modes measured during the ground vibra-
tion test showed good correlation for the first four modes (see
Table 1). For higher modes differences occurred that could
be traced to simplifying assumptions in the theory as well as to
inaccuracies in the model and the limited number of shakers
used in the vibration test.

Unsteady Aerodynamic Forces

The generalized aerodynamic forces of mutually interferring
lifting surfaces can be described by a matrix diagram with
the usual assumptions of linearized potential flow. Oscilla-
tions of a surface in an air flow not only cause pressures on
the surface itself but also induce a flowfield in its vicinity.
If a second surface is located in this field, then it will ex-
perience induced pressures. The resulting pressure is ob-
tained by linear superposition of the pressure induced by a
surface itself and pressures induced by separate surfaces.
For a system represented by wing (A), horizontal tail (B),
and vertical tail (C), Table 2 applies, J

In Refs. 10 and 6, calculation methods for these generalized
forces were developed, based on the lifting-surface theory
(Ref. 4), and are explained here in their basic concept. The
velocity field (u, v, w) induced by lifting surface (F) located
approximately in the plane z = 0 may be described by, e.g.,
Ref. 5:

v(x,y,z) --
87T

ifcO f|
J ̂  (

,«; M,k) 1
,z; M,k) \dx'dy' (2)
,,z; M,A;) )

An explanation of the terms may be found in Fig. 2; Acp
is the pressure difference between the upper and lower side of
the surface, k is the reduced frequency, t is dimensionless
time, M is the Mach number. Here the induced velocities
are referred to the flow velocity V far upstream of the wing,
and all lengths are referred to the semispan of the wing. E,
H, and K are influence functions of the downwash, sidewash,
and streamwise velocity component defined in Ref. 5. They
are obtained by applying the differential operator V =
[(d/dz), (d/dy), (5/62)] to the influence functions D of the
potential

(E; H; K) = VD (3)

J The first index relates to the surface on which the aero-
dynamic forces occur; the second index relates to the surface
that induces these forces. The same applies to the velocities
defined below in Eqs. (13).
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Table 2 Generalized forces acting on wing, horizontal
tail, and vertical tail

Induced by mode of

Generalized forces

Induced on

Wing

Horizontal tail
Vertical tail

Wing

AAA

ABA
ACA

Horizontal
tail

AAB

ABB
Acs

Vertical
tail

AAC

ACB
Ace

D(xQ,yQ,z; M,K) = exp( — ikx0)(kz/r)lK1(kr) + (

f/xCAr) - Li (Ar) - (2/ir)] + (VAr/2) X
•(aro-ATRV/SV

X

exp[(ik//32)(x0 - MR)} -i X

exp(ikrr)dr (4)

where XQ = x — x', y0 = y — yr and r2 = yG
2 + z2, R2 =

x0
2 + £2r2, P2 = 1 - M2, and /i, K1 are modified Bessel func-

tions of the first and second kind and the Struve function
LI. For z = 0, the side wash and the stream wise velocity
components result :

u(x,yfl) =

v(x,y,0) =

ik I
J z

Acp(x',y) ' (5)
J

Acp(x',y) (6)

whereas for the upwash Eq. (2) remains valid if there the
limit 2^- 0 is performed in the kernel f unction K(xQ, y0, z] k).

This kernel function is identical with the known form given
by Watkins et al.7 and it appears in the lifting-surface equa-
tion used to determine the pressure for a given upwash. The
upwash acting on the wing results from the boundary con-
dition derived from the vibration mode z F ( x , y ) :

w(x,yfi) = (dzF/dx) + ikzp (7)

If the pressure distribution is known, it is possible to deter-
mine the induced velocity components by integration in
accordance with Eq. (2). In Ref. 10 and Ref. 6, the following
series were selected for the pressure distribution:

(8)

(9)
hr(X) = (2/7r) [cosr<p + cos(r
X = [x - x l e ( y ) ] / l ( y ) = (1/2)(1 -

^ = (2/m -f 1) X) ar(<pn) sinju
n= 1

y = cos??; &n = [mr/(m + 1)] (10)

Calculation of the velocities may thus be reduced to simple
summation formulas.

(u(x,y,z) 1 R
v(x,y,z) = Z

y. y1

Fig. 2 Coordinate system introduced.

In this case, qu, qv, and qw represent integration constants
that vary only with y and z, while the dependence of #, fc, Af,
and the rth term of the pressure distribution series is separated
into the functions fur, fvr, and fwr. §

A considerable reduction in calculation effort is possible if
the flowfield is required at medium or large distances from the
wing and not in close proximity. The kernel functions then
are surprisingly simple. These "asymptotic kernel func-
tions" E, H, and K are obtained by considering Eq. (3), if
the following equation is used for the influence function D of
the potential instead of Eq. (4)^ (see Ref. 5).

D(x0,y0,z', & ) «

for (x —

(x/\x\)]k2 exp(-ikx0)(z/kr)K1(kr)

TE) > l(y)] (x ~ ZLE) < l(y) (12)

For 2 = 0, Eqs. (5) and (6) remain valid. These kernel
functions show that the velocity components upstream of
the wing disappear rapidly; downstream of the wing, how-
ever, they oscillate harmonically as a function of x. Further-
more, with the asymptotic kernel function a Mach number
effect no longer appears in the velocity components. A
Mach number effect shows up only in the pressure distribu-
tion.

A surprising outcome of the investigations performed in
Ref. 10 was the fact that already at distances of approxi-
mately one wing chord downstream of the trailing edge (TE),
the "asymptotic kernel functions" provide almost the exact
velocities. This is of great importance for application in
actual design, since most recent aircraft configurations have
wing-tail distances satisfying this condition. This result is
shown for low and high Mach numbers in Fig. 3. The real
and imaginary part of the down wash obtained with the
asymptotic influence function and exact influence functions for
M = 0 and M = 0.9 is plotted vs the stream wise coordinate
for several spanwise stations. For M = 0.9, the same
pressure distribution was assumed as for M = 0 so that
the compressibility effect that rapidly disappears with in-
creasing downstream distance is made apparent.

The upwash obviously can reach large values. If there is
a second surface located in this wake it must experience con-

§ Integration over x' can be performed with the Gauss-
Jakobi quadrature. The integrand is subject to drastic changes
in spanwise direction. This is attributable to the terms of the
order (z2/r*,zy0/r*,l/rz

)lr\r) occurring in the kernel function.
These can be separated and treated individually.

-[1 + (z/|z|)]/c2 exp(-ifcco) X

X

H(x0,y0,z; k) « -[1

K(x0,y0,z; k) « -[1 + (x/\x\)]k*

(iz/rJK^kr)

y0/rz [KQ(kr] +
(2/kr)K1(kr)]

X

/wr(x,?y,2; ynik,M) qu(y,z; yn})
rCw; ynA,M) g.(j/,z; y.)

wr(x,y,z; ynik,M) qw(y,z; yn)

With this kernel function and with the pressure series in Eqs.
(11) (8-10), it is possible to perform exact chordwise integration.

The result leads to Bessel functions of the zeroth and first order.
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Table 3 Wing-induced rolling moments LBA on the
horizontal tail for different vertical positions based

on asymptotic kernel function (basic horizontal position)

Fig. 3 Unsteady up wash distribution vs x axis on a swept
wing (aspect ratio 2.667, taper ratio 0.5, leading edge sweep
45°) oscillating in pitch (z = xe^^i Exact kernel function
— M = 0; —— M = 0. 9; Asymptotic kernel function

- . - . - . - 0 ^ M < I.

siderable induced pressures. Owing to the up wash, which
varies considerably with x, the aft position of the tail unit is
of importance for the magnitude and phase of the wing-
induced pressure. Up to present it was accepted that the in-
duced up wash attenuates rapidly as vertical distance in-
creases. Although amplitudes decrease, noticeable influ-
ences remain present even at vertical distances on the order
of one-half to one semispan, as may be seen from Table 3.

The mutual interference of several surfaces can be repre-
sented by adding the upwash portion induced by the other
surfaces to the self-induced upwash component. If the sur-
faces are not all located in parallel planes, then all three com-
ponents contribute to the normal velocities. A coupled in-
tegral equation system then results in accordance with the
number of surfaces. For a horizontal tail (B) being parallel
to wing (A) and for a vertical tail (C) lying in their plane of
symmetry, one obtains the integral equation system for AcpA,
AcpBj and Acpc.
Wing: + ikzA = WAA(ACPA) + WAB(ACPB) +

VAC(ACPC) (13a)

Horizontal tail: (dzB/dx) + ikzB = WBA(A€PA) +
WBB(ACPB) + VBC(&CPC) (13b)

Vertical tail: (dzc/d#) + ikzc = VCA(ACPA) +
+ Wcc(Acpc) (13c)

Z/SA

0
0.086
0.255

LBA

-0.518 - 10.231
-0.383 - 10.170
-0.219 - iO.098

Fig. 4 Sketch of the coordinate systems of combined
wing-tail system.

Indices were given previously in the footnote marked, t
Since the vertical tail is normal to the other two surfaces, the
induced normal component is formed by its self-induced por-
tion of the upwash wcc and the sidewash portion VCA of the
wing and VCB of the horizontal tail. This applies, accordingly,
to the effect of the vertical tail on wing and horizontal tail
(VAC, VBC)- The individual velocity components WAA, WAB,
WAC, WBA . . . can be expressed for wing, vertical tail, and hori-
zontal tail by means of the integral relations (2) or the sum-
mation formulas (11) and then introduced into Eqs. (13).
When determining VAC, VBC, and wcc, one should note that the
direction of the y axis of the vertical tail is identified with
that of the z axis of wing and horizontal tail and vice versa.
Thereby, the linear system of equations can be solved for the
unknown aerodynamic coefficient (a™)A, (o>m)B, and (arn)c-
This may be done either directly or by an iterative procedure.
For wing and vertical tail symmetrical to the plane y = 0, no
effect on and from the vertical tail will occur daring symme-
trical vibration modes of wing and horizontal tail. Thus, the
third equation in Eqs. (13) and the components VAC and VBC
will be eliminated. See Refs. 10 and 6 for the solution of the
integral equation system.

When trying to find the generalized forces according to
Table 1, AAA, ABA, and ACA will be obtained by determining
the pressure distributions for the vibration mode ZA of the
wing according to Eqs. (13), for which distribution the vibra-
tion modes of the vertical and horizontal tail ZB = zc = 0.
This applies accordingly to AAB, ABB, Acs and ACA, Acs,
Ace- When using asymptotic kernel functions, we get AAB =
A AC = 0.

Some refinements of the present procedures have been in-
vestigated; see Fig. 4. Generally, the horizontal tail is in-
clined at an angle e toward the wing. Consequently, the
streamwise velocity component induced by the wing con-
tributes to the normal component of the aerodynamic force
of the horizontal tail, i.e., UBA sine. Since the streamwise
velocity component does not decrease in unsteady flow with
increasing distance from the wing, which is contrary to its
behavior in steady flow [see Eq. (5)], and it can, as a matter
of fact, reach the magnitude of the upwash, it gains some
importance for higher values of e. A similar situation exists
for the vertical tail provided there is an inclination out of the
plane of symmetry of wing and tail unit.

The effect of the steady pitch angle also may be considered
to some extent. The coordinate system (xc, yc, 2c) at the
vertical tail has to be selected for the determination of the
velocity components according to Eq. (11) such that the xc
axis coincides with the direction of the inflow velocity. A
change of the pitch angle will result in a sweep angle change.

The wake may induce a still greater effect. Considerations
have so far been based upon the purely linear theory, where
the wake coincides with the mean plane of the lifting surface.
The actual wake deforms in the direction of free inflow and, as
is known, tends to roll up. The distortion (without lateral
rolling up) depends upon the span wise station, and at posi-
tive angles of attack will cause a greater interference effect
in the case of a tail unit with elevated vertical position. This
effect can approximately be taken into account by assuming
the actual position of the tail unit relative to the steady
wake position to be the effective vertical position to which
the unsteady wake will be superimposed. A method and
computer program exist for calculating the deformation of
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Table 4 Rolling moments LAA-, LAB, LBA<> and LBB for
coplanar wing and horizontal tail (basic

horizontal position)

asic Pos i t i on

LAA LAB

- 0.406 + iO.918 - 0.00006 + iO.009
Exact kernel

function
Asymptotic

kernel function -0.393 + aO. 920 - -
LBA LBB

Exact kernel
function - 0.514 - iO. 236 - 0.144 + iO. 632

Asymptotic
kernel function -0.518 - iO .231 - 0.130 + iQ. 634

the steady vortex layer by taking into account the mutual
interference of wing and tail unit8. They have been re-
peatedly applied to current projects.

Scope of Analysis and Input Data
The configuration examined corresponds to the wind-

tunnel model at maximum wing sweep (Fig. 1). In the in-
vestigation the influence of the following parameters on
flutter velocity was analyzed: 1) variation of the vertical
position of the horizontal tail (see Fig. 5); 2) variation of the
aft position of the horizontal tail (see Fig. 5); 3) variation of
Mach number M = 0.25; 0.8; 0.95; 4) vibration modes
obtained from vibration analysis and ground vibration test;
5) variation of rigid body roll frequency. A flutter calcula-
tion was performed with the first ten antisymmetrical na-
tural vibration modes, the rigid body roll mode being added
as another degree of freedom. The corresponding aero-
dynamic forces were determined by the method described
briefly in the preceding section for the idealized configura-
tion without fuselage as shown in Fig. 5. Wing and hori-
zontal tail were extended to the fuselage center-line; how-
ever, when integrating the pressure distribution in order to
determine the generalized aerodynamic forces on the hori-
zontal tail the section covered by the fuselage was left out.
At first the vertical tail influence both on flutter velocity and
on the damping characteristics of the basic configuration
was taken into account by introduction of the self-induced
forces ACC- As the results thus obtained did not differ
essentially, these forces were omitted in subsequent vari-
ations. Thus, it was required only to determine the aero-
dynamic force matrices AAA, AAB, ABA, ABB- The exact
kernel function was used to calculate the aerodynamic forces
for the different aft positions whereas, for the different vertical
positions, the asymptotic kernel function was used offering
excellent accuracy and considerably reducing computer
time and costs.

Results

The order of magnitude of the occuring generalized aero-
dynamic forces can be seen from Tables 3 and 4. The nu-
merical values for rigid body roll oscillation are compiled
according to Table 2 for the rolling moment of wing and
horizontal tail of the basic configuration. All values are re-
lated to the wing rolling moment without interference, where
the reduced frequency A: = U-SA/V = 1.03 and Mach number
M = 0.25 apply. From Tables 3 and 4, it can be seen that
the aerodynamic interference forces on the tail unit reach
the magnitude of the self-induced aerodynamic forces. As
compared to the asymptotic kernel function, use of the exact
kernel function (Table 4) does not result in increased accuracy
even with this close aft position.

The most important results of the present analysis are to
be seen from Fig. 6, where, for the basic configuration, damp-
ing is shown vs freest-ream velocity. The aerodynamic forces
have been calculated for M = 0.25 at sea level. Without
aerodynamic interference, damping increases considerably,
thereby eliminating any potential flutter. In case of inter-
ference, however, damping will begin to decrease at a certain

Hor i zon ta l Pos i t ions o f H o r i z o n t a l Ta i l
Z/SA

Wing Plane

0.2-
0.4-
0.6-

V e r t i c a l P o s i t i o n s o f Hor izon ta l Tail

Fig. 5 Sketch of the investigated positions of the hori-
zontal tail.

velocity; this decrease is the greater the smaller the vertical
distance of the tail unit is relative to the wing. Flutter
occurs in the case of a coplanar arrangement. This result
is achieved by means of the input data obtained from the
vibration analysis and also with those from the ground vibra-
tion test. With the latter data, a reduction of the critical
velocity by approximately 5% results. In this case, it
seems to be of interest, however, that the damping coefficient
reaches higher values within the unstable range and reaches
its maximum far less rapidly than with data obtained from
the vibration analysis.

The flutter speed obtained from tests confirms the analysis.
The value is somewhat higher than is to be expected from
theory. Besides idealization inherent in theory, another
reason might be given by the fact that the onset of flutter
could not be defined clearly in the experiment performed.
Undamped vibrations occurred already at somewhat lower
speeds than those leading to destruction. The structural
damping of the model results in a further, though small,
increase in flutter speed.

The results described above were obtained without con-
sidering the aerodynamic forces of the vertical tail, which are
expected to contribute to damping. Introducing them into
subsequent calculation, however, resulted in a negligible
change of the damping pattern; see Fig. 6. Without con-
sideration of interference, a modification of Mach number
(see Fig. 7) for values obtained from the vibration analysis
shows the expected increase in damping. When considering

-0.4

-0.3

Input Data from
—— Vibration Analy
—— -G.V. T.

200 400 600

Veloci ty^ Knots

800

Fig. 6 Damping coefficient vs velocity for different vertical
positions of the horizontal tail.
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-0.3

600

Knots

800£00

Ve loc i ty

Fig. 7 Damping coefficient vs velocity for different Mach
numbers.

interference, results are somewhat contradictory to those
mentioned above. They indicate that the Mach number
effect considerably reduces flutter speed of the aircraft under
consideration.

It would seem logical to assume that an increased aft posi-
tion of the tail unit will result in higher flutter speeds. The
upwash distributions in Fig. 3 indicate that this is not always
the case. Actually, the analysis of the case under considera-
tion proves just the opposite; see Fig. 8. Flutter speed
decreases with increasing distance between wing and tail
unit. No flutter occurs at position A. For this analysis,
the stiffness and mass matrices remained unchanged for all
aft positions; thus, the plots represent merely the aerody-
namic effects. Because of the nearly periodic upwash pattern
in flow direction, the tendency shown in Fig. 8 will reverse for
still larger aft positions. It is noteworthy that the flutter
range shown in Fig. 8 will shift towards smaller aft positions
and be considerably broadened because of the results from
Fig. 6, when this analysis is conducted with the results from

200 £00 600

V e l o c i t y ~ K nots

800

Fig. 8 Flutter speed vs horizontal distance between wing
and horizontal tail.

- .
200 £00. 600 800

Veloc i ty -^ Knots

Fig. 9 Damping coefficient vs velocity for the horizontal
tail flutter mode.

the ground vibration tests instead of the present theoretical
values.

Finally, Fig. 9 shows the damping patterns of a horizontal
tail unit flutter mode with only a small contribution of the
wing. This pattern resulted from modifying the stiffness
values of the horizontal tail. Damping gradients in the
proximity of the flutter point are of some importance for
flight flutter test. The inclusion of interference effects
shows a sudden drop in damping in contrast with the smooth
curve obtained without interference. This behavior pattern
was visually observed during the corresponding wind-tunnel
test.
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